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Isotope and temperature shifts of direct and indirect band gaps
in diamond-type semiconductors
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We calculate the isotope and temperature shifts of the indirect and direct band gaps in natural sil-
icon (M=28.09 u), in natural diamond C and its isotope ' C, in natural germanium (M=72.59 u)/&and the isotope Ge, and in the isotope mixture Ge, due to the deformation-potential-type
electron-phonon interaction (within the pseudopotential-bond-charge-model framework). We com-
pare these results to existing experimental information and to data obtained by us with spectroscopic
ellipsometry. We find that there are small, but noticeable shifts of the band gaps between differ-
ent isotopes (about 13 meV for diamond, 1 meV for germanium). The isotopic influence on the
broadenings of the Eq transition in Ge is also reported.

I. INTRODUCTION

The conventional tetrahedral semiconductors Ge and
Si can be grown as extremely good single crystals whose
ultimate quality is determined by isotopic disorder due to
the natural isotopic abundances (in natural germanium

Ge, 20.5'%%u; Ge, 27.4%; " Ge, 7.8%; Ge, 36.5'%%uo',

7sGe, 7.7% in natural silicon ~sSi, 92'%%uo', 2sSi, 5'%%uo; Si,
3'%%uo). The natural isotopic spread is less drastic, but
still not negligible for diamond ( C, 98.9%%uo; C, 1.1%).
Small single crystals of isotopically enriched materials
have been available for some time, but are rather dif-
ficult to obtain. Recently, crystals of highly enriched

C diamonds, several mm in size, have been obtained
and used in investigations of vibronic and electronic
excitations. ~ s Also, isotopically enriched izC diamond
has been shown to exhibit a remarkably high thermal
diffusity. s Germanium is the tetrahedral material with
the largest natural isotopic-mass spread and thus that
in which effects of isotopic mass and isotopic disorder
should be most easily observable. At the Ikurchatov In-
stitute in Moscow nearly isotopically pure () 95%) ger-
manium powders are being prepared in large amounts
by standard isotope-separation techniques. From these
materials germanium single crystals of high purity and
perfection are being grown, in part because of their ap-
plication as double-P-decay (7sGe) and 7-ray detectors

( Ge). These crystals, and that of 4Ge which has been
available for some time, have been used to obtain inter-
esting data on the dependence of the solid-state proper-
ties of germanium on isotopic mass and disorder. Among
them we mention the decrease in thermal conductivity
with increasing isotopic disorder, the rather weak but
non-negligible dependence of the lattice constant on iso-

topic mass, the dependence of phonon frequencies and
linewidths on isotopic mass and disorder, and the de-

pendence of electronic gaps on isotopic mass.
In this paper we present calculations of the depen-

dence of several energy gaps and their Lorentzian widths

on isotopic mass for diamond, germanium, and silicon.
We show that the effect is related to the dependence
of the electron-phonon self-energy on isotopic mass and
disappears at high temperatures as the average phonon
amplitude becomes mass independent. As part of these
calculations we also obtain the temperature dependence
of the indirect and direct gaps of these materials. The
theoretical results are compared with experimental data,
in particular for the isotopic shifts of gaps recently ob-
tained for germanium and diamond. Experimental
data obtained ellipsometrically for the Eq and E~ + 4q
transitions of natural Ge, 7oGe, and 7sGe are also pre-
sented. They contain information on the dependence of
the gap frequency and Lorentzian widths on isotopic mass
which compare favorably with the calculated results.

II. GENERAL THEORY OF TEMPERATURE
SHIFTS

The deformation-potential electron-phonon interaction
renormalizes the creation energies of electron-hole pairs
(band gaps) thus causing shifts of the gaps with tem-
perature. Small shifts are also introduced by the ther-
mal expansion of the lat tice. The theory for the
temperature shifts in diamond-type semiconductors has
been described in detail by Allen, Heine, Cardona,
and Lautenschlageri2 is and reviewed by Cardona and
Gopalan. is For a review of earlier work, see Ref. 17. (The
advantages and problems of the Allen-Heine or rigid-
pseudoion method, which we use here, have recently
been discussed by Fischetti and Higman. is) This method
decribes the temperature shifts of the band gaps Ecp
with three terms.

(i) By thermal expansion (TE) the lattice constant in-

creases and thus the band gaps shrink, if they have a
positive pressure coefficient OEcp/Bp. The shifts for the
gaps are found to be

TE 4 &p PT
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where cr(T) is the temperature-dependent thermal ex-
pansion coeKcient and 8 the bulk modulus. In some
cases (e.g. , for the lowest indirect gap in Si), the pres-
sure coef5cient of the gap is negative and thus the TE
contribution to the temperature shift is positive. This
term can be evaluated very easily using the values listed
in Table I and is small compared to those due to the
electron-phonon interaction as described below.

(ii) The Debye-Wailer term [see Fig. 1(a)] arises from
the simultaneous interaction of an electron (with wave

vector k in band n) with two phonons of the same wave

vector Q and mode j (electron —two-phonon interaction).
In the rigid-ion approximation we assume that the poten-
tial Vo of an atom of type cr moves rigidly with the atom

I

Q, j

k, n k, n k, n k, n

(a)

k, n k+Q, n' k, n

(b)

in a phonon vibration. Then, the Debye-Wailer (DW)
contribution to the shifts of an electronic state nk for a
frozen-in lattice displacement ui of one atom of type e
located at the atomic site Ri is given by

FIG. 1. Feynman diagrams for the renormalization of
band gaps due to deformation potential-type electron-phonon
interaction: (a) Debye-Wailer term, (b) self-energy term.

(, ~ .~ .B(n, k, /, rr, n', k') B(n', k', E', cr', rt, k)

n' k' Ea ~k — n', k')
(2)

where the sum runs over all intermediate electron states
n', k', all lattice vectors E, and the basis (cr) of the lat-
tice. The angular brackets with superscript t denote the
thermal or temporal average. The energies necessary to
distort the lattice (phonon energies) have been assumed
to be much smaller than the usual electronic band gaps
and thus are neglected in the denominator of Eq. (2).
Thus

B(rt, k, E, n, n', k') = (nki V V (r —Rg ) in'k') (3)

is the matrix element of the gradient of the potential V
of one a,tom of type a located at the atomic site Ri .
(The notation used here is somewhat symbolic, but very
intuitive to emphasize the influence of the isotopic mass
entering the phonon displacements u~ . For explicit ex-
pressions applicable for a lattice with a basis, see Ref.
15.) We use an empirical pseudopotential band struc-
ture and assume that the matrix element of the atomic
potential with the true wave functions is the same as that

I

of the pseudopotential evaluated with the pseudo-wave-
functionsz (rigid pseudo-ion method). To second order
in phonon displacement, Eq. (2) for the Debye-Wailer
term is equivalent to simply multiplying the structure
factors S(G) used in the band-structure calculations by
Debye-Wailer factors exp( —2W) with W = (u ) iGi /12.
This term is the dominant contribution to the tempera-
ture shifts of band gaps. It has been evaluated for several
materials in Ref. 25, but usually overestimates the shifts
when considered without the other electron-phonon term
discussed next.

(iii) The third contribution to the temperature shifts of
electronic states is the real part of the self-energy (SE)
term, which arises from the interaction of an electron
with one phonon taken to second order in perturbation
theory, see Fig. 1(b). This term is usually somewhat
smaller than the Debye-Wailer term, but opposite in sign.
Therefore it should be taken into account in a realistic
calculation of temperature shifts, although it requires a
Brillouin-zone integration to be evaluated. It can be ex-
pressed as

B(n, k, E, n, n', k') B(n', k', E', cr', n, k)

n', k' Ea nk n', k'
(4)

The imaginary part of this self-energy causes lifetime
broadenings of critical points and is responsible for
intervalley-scattering processes.

For numerical reasons, we Fourier-transform Eqs. (2)
and (4) to the phonon representation (thus replacing the
sum over lattice sites by an integration over all phonons
in the first Brillouin zone) and label the contribution of a
single phonon with wave vector Q and branch j (with the
occuPation number Ncl~. ——1) as (OE„i,/ONct~ )i&, where.
K stands for DW or SE. From these electron-phonon
coupling coeKcients we define the dimensionless electron-
phonon spectral functions

M aterial
Diamond

Ge

Gap
Eo
E,
Eg
E;
r —I.
I' —X

(~E/&p)T
(meV/GPa)

7.o [2o]
0.4 [21]

10
—14.1

44 22]
—14 [ 23]

B
(GPa)
442

a (300 K)
(10 K ')

1.0

2.56

5.90

TABLE I. Parameters needed for the evaluation of the
thermal expansion contribution to the temperature shifts of
band gaps (from Ref. 19, unless indicated by numbers in
square brackets).
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g Frr(n, k, Q) = ) I

"
~

b(O —Oct, ) (5)

in such a way that the temperature shifts due to the DW
or SE terms are given by

(AE„k)~ = dO g F~(rr, k, Q) (N~+ 2). (6)
0

For the integration over all phonon wave vectors Q we use
the tetrahedron method with 89 points in the irreducible
wedge of the Brillouin zone.

For the numerical evaluation of the terms in Eqs. (2)
and (4) we assume that only the phonon amplitudes and
not their energies depend on the temperature and isotope
concentration. When calculating the energy denomina-
tors we neglect, for example, the small temperature de-
pendence of the electron energies. (A self-consistent, it-
erative calculation is not necessary, since the shifts are
much smaller than typical band gaps. ) We use a con-
stant imaginary self-energy of about 100 meV for the
electrons to avoid numerical problems during the inte-
gration over all phonon wave vectors and to account for
the finite lifetimes of the electronic states. We obtain the
phonon energies and eigenvectors using Weber's bond-
charge model. For the electronic structure and the
evaluation of the matrix elements of Eq. (3) a local pseu-
dopotential band structure with the form factors of Co-
hen and Bergstresser is used. zs Similar form factors or
lattice dynamical models yield analogous results. The
accuracy of the method and the dependence of the ma-
trix elements on different pseudopotential form factors
have been discussed in detail in Refs. 18, 30, and 31.

An alternative formulation3~ calculates the change in
the phonon frequencies due to the interaction with elec-
trons using a first-principle pseudopotential method.

A (Ey) are almost degenerate (just like in silicon), but
this is still controversial44 and has to be confirmed by
further experiments or quasiparticle calculations. The
lowest indirect gap occurs between the valence-band top
at I 25 and the conduction-band minimum along 4 near
(2z /a)(0. 76,0,0) with an energy of about 5.6 eV, see Refs.
45 and 46.

In this investigation of the temperature "hifts of critical
points in diamond ~zC, we have used the pseudopoten-
tial form factors of Ref. 39 which yield a band structure
that is in reasonable overall agreement with experiments,
when a plane-wave basis set with a cutoff of 17.4 Ry is
taken for the calculation. The dimensionless electron-
phonon spectral functions for the shifts of the E0 gap
are shown in Fig. 2. The Debye-Wailer term (dashed
lines) is slightly larger for the valence band than for the
conduction band, a fact which causes a decrease in the
gap with increasing temperature. The self-energy term
(solid lines) has a large negative optical-phonon peak
for the conduction band and a positive peak for the va-
lence band. It also causes a gap shrinkage, as shown in

Fig. 3 (dashed —double-dotted line). The curves are qual-
itatively similar to those for silicon (see Figs. 4 and 5 in
Ref. 14), but rather featureless in the acoustic-phonon
energy range below 120 meV. This can be explained by
differences in the one-phonon density of states of the two
materials, see Fig. 8 of Ref. 27. The renormalization of
the band gaps at 0 K, obtained by integrating Eq. (6)
with Wg set to 0 for the different electronic states, is
given in Table II. Since absolute shifts of states cannot
be calculated with the empirical pseudopotential method,
all shifts are measured with respect to the valence-band
maximum at 1 25 . These zero-point shifts will be dis-

III. TEMPERATURE SHIFTS

A. Diamond

04-

Electro
at
y= 4

0.2-
/

p 0 --~ Ai ~ .'

JELL IUM

EDGE

—EXACT""LDA--- GEA to 0(V)

Compared to other semiconductors, very little is
known about the band structure of natural diamond
~zC. Experimental investigations are made difficult by
the large band gap (5.6 eV) calling for vacuum ultravi-
olet spectroscopies, whereas the lack of p electrons
in the core and the tetrahedral distribution of' the va-
lence charge cause problems for pseudopotential band-
structure calculations.

In analogy to silicon, one should assume that the low-
est conduction-band state at I' is threefold degenerate
and has I'&s symmetry, in contrast to germanium (and
most zinc-blende-type materials) which has a nondegen-
erate I'z (s -like) conduction-band minimum. This is
confirmed by photoemission measurements as well as
quasiparticle energy calculations. Therefore, only the
pseudopotentia1 calculations of Refs. 39 and 37 seem to
be realistic, although they result in dielectric functions
which are in rather poor agreement with experiments.
Reflectivity measurements at 77 K and at room temper-
ature suggestss that the direct gaps at I' (Fo) and along
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FIG. 2. Dirnensionless electron-phonon spectral function

g F for the shifts of the E0 gap in natural diamond C due

to electron-phonon interaction as a function of phonon energy
O. The Debye-Wailer term (dashed line) is slightly larger for
the valence band than for the conduction band. The optical
phonon peak of the self-energy spectral function (solid line) is

negative for the conduction band and positive for the valence

band.
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FIG. 3. Shifts of the Eq gap in natural diamond C (solid
line) including thermal expansion (dashed-dotted line), self-

energy (dashed-double-dotted line), and Debye-Wailer term

(not shown separately). Ec(0 K)=7.30 eV has been assumed.

TABLE II. Renormalization of electronic states and band

gaps due to the zero-point vibration of the phonons for two
different isotopes of diamond (in meV, relative to the va-

lence-band maximum).

State
I'2si (v)
I'gs(c)
Q5 (v)
4, (c)
L, (v)
Lg (c)

Eo
Eno
E2(D)
Eg(L)

Mass
12.00
12.00
12.00
12.00
12.00
12.00

12.00
12.00
12.0Q

12.00

SE
0.0

—547.8
—401.2
—441.5
—43.1

—409.5

—547.8
—441.5
—40.3

—366.4

DW
0.0

—130.1
—46.9

—177.4
—11.6

—253.6

—130.1
—177.4
—13Q.5
—242.0

Total
0.0

—677.9
—448.1
—619.0
—54.7

—663.1

—677.9
—619.0
—170.9
—608.4

cussed in the isotope section of this paper.
The calculated energy of the Eo gap as a function

of temperature (assuming Eo 7.3 eV a——t 0 K), includ-

ing all three contributions, is shown by the solid line in

Fig. 3. The contributions of thermal expansion (dashed-
dotted) and self-energy (dashed —double-dotted) are dis-

played separately. It can be seen that the shifts due
to thermal expansion are small, expecially because of
the very small pressure dependence of the Fo gap com-
monly found in semiconductors. Furthermore, the
TE contributions are rather small for all gaps in diamond

FIG. 4. As Fig. 2, but for the gap at L in diamond C.
The magnitude of the DW and SE terms is larger for the
valence bands than for the conduction bands.

because of the large bulk modulus (442 Gpa, see Ref. 21).
The Debye-Wailer contribution is dominant up to about
400 I&, but at 700 K the self-energy accounts for 40% of
the shifts. The only experimental data for the shifts of
the Eoi gap in diamond known to us are the reHection
measurements of Clark, Dean, and Harris~a reporting a
shift of the direct gap of 100 meV between 133 and 295 K.
This result is much larger than our calculated shifts (only
15 meV), but it is not clear whether the assignment of the
experimental peak to Fo transitions is correct. In silicon,
the Eo and Eq critical points are almost degenerate. 4

Since the shifts become sizable at elevated temperatures,
reflectivity measurements should be performed up to 700
K.

In order to be able to distinguish between the Eo and
Ey critical points, we have also calculated the shifts at I
and three points along A between I' and L. The electron-
phonon spectral function for k = L in diamond is shown
in Fig. 4. The various peaks in the self-energy term for
the optical phonons correspond to LO(X) (132 meV),
TO(X) (147 meV), LTO(L) (150 meV), and LTO(l')
(165 meV). An increase of the mesh used in the inte-
gration over all phonon wave vectors from 89 points to
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FIG. 5. As Fig. 3, but for the gap at L in diamond ' C.
El. (0 I&)=7.50 eV has been assumed.
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FIG. 6. As Fig. 2, but for the point k = (0.75, 0, 0) (2x/a)
in diamond C. The magnitude of DW and SE terms is larger
for the valence band than for the conduction band.
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505 points in the irreducible wedge of the Brillouin zone
does not change the spectral function significantly. The
electron-phonon contributions to the shifts of the direct
gaps are almost equal at I' and L, but slightly smaller
(by about 15%) along A. For the calculation of the ther-
mal expansion term we need the pressure coefBcient of
the gap at L, but no such calcuation exists to our knowl-
edge. Setting a(E1) = —4.4 eV seems to be a good
guess, 2s implying BEr/Op =10 meV/GPa. We thus show
the temperature dependence of the gap at L in Fig. 5,
assuming it to be 7.5 eV at 0 Ik. For this gap, the contri-
bution of the DW term is dominant, similar to the case
of GaSb (see Fig. 10 of Ref. 48).

The spectral functions for the I'2s valence band (Fig.
2) and for the conduction band at the point k
(0.75, 0, 0) x (2x/a) (see Fig. 6) were used to calculate
the temperature dependence of the indirect gap E, of
diamond (see Fig. 7). E,(0 K)=5.41 eV has been as-
sumed. As in the previous figures, the solid line shows
the total calculated shifts including thermal expansion
(dashed-dotted line), self-energy (dashed —double-dotted
line), and Debye-Wailer term (not given explicitly). It
can be seen that the Debye-Wailer term dominates the

~ 45 I ~
I

'
I

'
I

'
I

' I5.

FIG. 8. As Fig. 3, but for the lowest indirect gap in silicon.
E;(0 K)=1.17 eV has been assumed. The dashed lines show
the experimental data of Ref. 50 (up to 400 K) and of Ref. 49
(up to 800 K).

shifts, in contrast to the results for the Eo critical point
(see Fig. 3). We also show the experimental data of
Clark, Dean, and Harris4 (dashed line), which are in

good agreement with our calculated results.

B. Silicon

A comparison of the experimental and theoretical data
for the temperature dependence of the band gaps of
silicon has been performed by Lautenschlager and co-
workers. 4 Further experimental data, however, have
become available for the lowest indirect gap. We there-
fore show a comparison of these data and those of
Thurmond~o with our calculated results in Fig. 8. We
should point out that calculations also have been carried
out by King-Smith ef at. s2

We have also calculated the temperature dependence
of the second lowest indirect gap I'~q ~ Lq, see Fig. 9.
Although silicon is the best studied semiconductor, the
exact energy of this transition is not well known. For-
man, Thurber, and Aspnes ~ report E(I'q ~sI q)=1.65

1.80 I
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I

I
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I

I
I

I
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FIG. 7. As Fig. 3, but for the lowest indirect gap in dia-
mond C. E;(0 K)=5.41 eV has been assumed. The dashed
line shows the experimental data of Ref. 45.

FIG. 9. As Fig. 3, but for the second indirect gap
I'q~ (v) I q (c) in silicon.
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eV (which is consistent with linear-muffin-tin-orbital
calculations of the position of the valence band at I,
and the value of the Ei gap in silicon4 ), but other groups
have not been able to reproduce these measurements.
Recent angle-resolved-photoemission measurements,
another optical experiment, most ab initio pseudopo-
tential band-structure calculationsss (in conjunction with
the ellipsometric result for Ei), as well as quasiparticle
energy calculations57~ place this transition about 0.5—

0.7 eV higher in energy.

C. Germanium

The temperature dependence of the lowest indirect
[I'qs (v) Li(c)] and various direct gaps has been cal-
culated in Refs. 14 and 15. For completeness, we give in
Fig. 10 the temperature dependence of the indirect gap
between I'2s (v) and Xi (c) which is important for the
transport properties of germanium. Based on photoe-
mission data44 we take this transition to have an energy
of 1.30 eV at 0 K, a value somewhat higher than that
from the quasiparticle band-structure calculations,
but in excellent agreement with the more recent results of
Hot t. The photoluminescence measurements of silicon-
germanium alloys (extrapolated to pure germanium) by
Weber and Alonso~ suggest, X& ——0.93 eV.

IV. ISOTOPE SHIFTS

It can be seen that at a given temperature T isotope ef-
fects enter in Eqs. (2) and (4) through the mean-squared
phonon amplitude

(7)

where M~ is the mass of one atom of type n and Nq& (T)
the occupation number of the phonon with wave vec-
tor Q, branch j, and energy Qq&. We neglect the small
isotope dependence of the matrix elements of Eq. (3).
Therefore, Debye-Wailer and self-energy terms not only

1.35

1.30

1.25

1.20

05 i I i 1 i I i l i l

0 100 200 300 400 500 600

FIG. 10. As Fig. 3, bu t for the second indirect gap
I'2s' (+) ~ Xr (c) in germanium.

cause temperature shifts, but also an isotope-dependent
renormalization of the electron energies at zero temper-
ature. At 0 K (when N=O), we have

(8)

-C/2since the phonon frequencies are proportional to M
'lVe mention briefly that (in analogy to the thermal ex-

pansion contribution to the temperature shifts) there is
a third term in the isotope shifts not due to electron-
phonon interaction. » If the atoms in a crystal are re-
placed by heavier isotopes, the anharmonic contribution
to the vibrational energy decreases. In order to compen-
sate this decrease, the crystal contracts thus minimizing
the total free energy. Typical volume changes are about
10 s for carbon (between i2C and i C) and 10 s for
germanium (between 7oGe and 7sGe).s We will not dis-
cuss these shifts here, as they are usually at least an
order of magnitude smaller than the isotopic shifts due
to elect;ron-phonon interaction.

A. Diamond

Natural diamond has an atomic weight of 12.01 and
consists of the isotope izC with traces of isC. Neverthe-
less, synthetic growth of crystals of ' C, up to 3 mm in
diameter, has been reported in the literature. From
Table II it can be seen that the renormalization of the
gaps due to electron-phonon interaction is rather large
[near 600 meV, except for E2 (b,)]. The magnitudes of
these corrections to the gaps are larger for the lighter iso-

tope C, scaling approximately as M~, as predicted
by Eq. (8). Therefore, the measured gaps are larger for
isC than for i2C. We predict energy differences of 21.6,
5.1, and 20.4 meV for the direct gaps Eo, Eq (b, ), and
Ei (L), respectively. For the lowest indirect gap an iso-
tope shift of 14+0.7 meV was found by Collins et al. ,

5 in
rather good agreement with our calculated result (17.1
meV). We stress that our formalism contains no free pa-
rameters for the electron-phonon coupling. (The size of
the plane-wave basis set in principle is a free parame-
ter, but its influence on the band structure as well as
the temperature or isotope shifts in most cases is smaller
than 10' and therefore negligible. ) The parameters for
the electronic band structure and the phonon frequencies
and eigenvectors were taken from the literature without
adjustment.

The Debye-Wailer term gives the main contribution to
the zero-point renormalizations, whereas the self-energy
accounts only for about 20—40Fo, except for the E2 (b, )
gap where it gives the dominant contribution. The same
statement holds, of course, for the contributions to the
isotopic diA'erences.

It is also of interest to study the influence of the atomic
mass on the temperature shifts discussed earlier. If k~T
is much larger than the phonon energies of a material,
N becomes independent of M and the shifts should not
depend on the isotope. This approximation will certainly
not hold at moderate temperatures for diamond with its
large phonon energies of up to 165 meV. Therefore, a
small isotope dependence of the temperature shifts is ex-
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pected. We calculate indeed that the indirect gap in nat-
ural diamond C shifts down by 11.0 meV from 0 to
300 K and by 12.0 meV in C. Therefore, the isotopic
effect on the indirect gap should be smaller by 1 meV
at room temperature than at 0 K. Similar results were
obtained for the direct gaps Eo and Ei (L).

B. Cermanium

was found experimentally.
In contrast to diamond, self-energy and Debye-Wailer

terms contribute almost equally to the zero-point renor-
malization and isotope shifts. Therefore, the self-energy
terms have to be included for a reasonable theoretical
estimate of the changes in electronic energies due to
electron-phonon interactions. 3ust as for diamond, the
isotopic shifts decrease with increasing temperature.

Natural germanium contains five different isotopes (M
= 70, 72, 73, 74, and 76) with an average atomic mass
of M=72.59. Nearly isotopically pure Ge and Ge,
as well as crystals containing two isotopes with an av-
erage mass of M=75.69, have been grown by different
groups. ' '

The zero-point renormalization energies for three crys-
tals with M=70.00, 72.59, and 75.69 are given in Table
III. We conclude that the indirect gap in natural ger-
manium should have an energy that is 1.3 meV lower
than in a germanium crystal with M=75.69. In a recent
experiment, this isotope shift has been measured to be
0.9+0.1 meV, in reasonable agreement with our calcula-
tions. By the same token, we calculate an isotope shift
of 1.4 meV for the direct gap, whereas 1.25+0.05 meV

TABLE III. As Table II, but for three germanium crystals
with diR'erent atomic masses.

V. EXPERIMENTS

In this section we discuss ellipsometric measurements
of the Ey and E~ + Ay gaps of various isotopes of ger-
manium. The data were obtained for three n-type crys-
tals with isotopic composition given in Table IV. Two
of them (natural Ge and enriched 7sGe) were intrinsic
at room temperature (Nd —N, 10'4 cm s, obtained
from Hall measurements) and had gone through a strin-
gent purification procedure during growth. The third
sample (7OGe) contained a larger concentration of donors
and acceptors, with Ng —N, 7 x 10 cm . The
electrical measurements were confirmed by far-infrared
transmission. As shown by Vina and Cardona, the
free-carrier concentration caused by the doping in these
samples is too small to have any measurable effect on the
ellipsometric spectra.

A. Results
State
I'„(v)
I'g (c)
L3 (v)
L~(c)
X4 (v)
Xg (c)

Ep
Er I.
E)(L)
E2 (X)
I'» (&)
I'. ( )
L3 (v)
Li (c)
X4 (v)
Xg (c)

Fp
EI L

Eg (L)
E2(X)
I'2, (v)
I'2 (c)
L3 (v)
Li(c)
X4 (v)
Xg (c)

Mass
70.00
70.00
70.00
70.00
70.00
70.00

70.00
70.00
70.00
70.00

72.59
72.59
72.59
72.59
72.59
72.59

72.59
72.59
72.59
72.59

75.69
75.69
75.69
75.69
75.69
75.69

SE
0,0

—27.50
—4.08

—22, 80
—22.74
—23.35

—27.50
—22.80
—18.72
—0.61

0.0
—27.18
—4.02

—22.55
—22.48
—23 ~ 10

—27.18
—22.55
—18.53
—0.62

0.0
—26.54
—4.00

—22.05
—21.93
—22.56

DW
0.0

—34.92
—4.91

—34.66
—11.38
—37.30

—34.92
—34.66
—29.75
—25.92

0.0
—34.33
—4.82

—34.07
—11.19
—36.67

—34.33
—34.07
—29.25
—25.48

0.0
—33.54
—4.72

—33.29
—10.94
—35.83

Total
0.0

—62.42
—8.99

—57.46
—34.12
—60.65

—62.42
—57.46
—48.47
—26.53

0.0
—61.51
—8.84

—56.62
—33.67
—59.77

—61.51
—56.62
—47.78
—26.10

0.0
—60.08
—8.72

—55.34
—32.87
—58.39

TABLE IV. Isotopic composition of enriched Ge, Ge,
and natura. l Ge used in the ellipsometric experiments. g rep-
resents the mean square mass fluctuation defined in Ref. 11.

70

Atomic percent of
the va.rious isotopes

72 73 74 76 g(10 )

The spectroscopic ellipsometry measurements of the
three Ge samples in Table IV were performed at 10 I&

and at room temperature inside a cryostat with quartz
windows nearly free of birefringence. The refiecting sur-
faces were (111)-oriented and polished and etched using
the procedure described in Refs. 60 and 61 immediately
before mounting them in the cryostat. The data obtained
were similar to those of Refs. 60 and 61 and are shown
in Fig. 11.

By comparing our spectrum at 300 I& (not shown in
Fig. 11) with the data of Aspnes and Studnaso at the
peak of e2 at 4.35 eV, we find that our samples are cov-
ered with a thin oxide layer of 0.9 nm thickness. After
correcting our spectrum for such an overlayer (dashed
line) we obtain good agreement with the data of Ref. 60.
The dotted line shows a spectrum taken at 10 I& (uncor-
rected), the solid line the same spectrum after correction
for 0.9 nm of GeOg oxide. On this scale, no differences
can be found between the different isotopes.

Ep
EI L

Ei (L)
E2 (X)

75.69
75.69
75.69
75.69

—26.54
—22.05
—18.05
—0.63

—33.54
—33.29
—28.57
—24.89

—60.08
—55.34
—46.62
—25.52

"'Ge
r 2.6G
75.6 G

95.9
20,5

3.8
27.4
0.1

7.8
0.23

36.5
13.7

7.1

86.0

2.976
58.745
8.797
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FIG. 11. Dielectric function of natural Ge at 300 K as ob-
tained by Aspnes and Studna (Ref. 60) (symbols) and in this
work after a correction for an oxide layer of 0.9 nm thickness
(dashed line). The dotted line shows an uncorrected spectrum
at 10 K, the solid line the same spectrum after a correction for
0.9-nm oxide. Isotopic differences between the three samples
(see Table IV) are not visible on this scale.

FIG. 12. Fits to the third derivative spectra of the real
(ci, solid line) and imaginary (ez, dotted line) parts of the
dielectric function of three germanium samples with different
isotopic compositions (indicated by the arrows) around the
E~ critical point taken at 10 K. The vertical arrows show the
positions of the critical-point energies as determined from a
line shape analysis. The spectra have been multiplied with
factors close to unity (0.8, . . . , 1.2) so as to exhibit the same
amplitude.

In order to precisely determine the energies of the E~
and Ei + L~ critical points, we calculated numerically
the third derivative of our spectra and performed a line-
shape analysis as described in detail in Ref. 48. Two-
dimensional critical points were used to describe the ob-
served line shape. The best fits to the spectra taken for
the three samples are shown in Fig. 12. It can be seen
that there is indeed a small shift (of the same order as
our error bars obtained from measuring the same sam-
ple several times), with the heaviest isotope having the
highest energy.

B. Discussion

The energies of the critical points Eq and E~ + A~ and
their Lorentzian widths were obtained from the fits to the
derivative spectra shown in Fig. 12. They are listed in
Table V. The mass dependence of the I"s can easily be
estimated from the measured temperature dependence
of I'. Such an estimate is more difFicult for the isotopic
shift of Eq and Eq+ Lq. The reason is that the observed
widths I' are actually due fully to electron-phonon inter-
action while the contribution of this interaction to Eq and

Ei + Ai cannot be directly inferred from experiment. It
must be estimated through a fit of the measured tempera-
t;ure dependence of E~ and E~ + L~ and is thus strongly
affected by the functions taken for the fit.4" From (7)
and the widths of Table V we obtain directly the isotopic
shifts in I' with respect to those of the natural material
given in Table V. We recall that the measured values
of I' agree reasonably well with those calculated using
a realistic pseudopotential band structure and a lattice
dynamics based on the bond charge model.

The interpretation of the measured 6Eq and
b(Ei + b, i) must be made by comparison with the cal-
culated values at T = 0 due to the zero-point vibrational
amplitudes. We find bEi b(Ei + Ai)=58 meV aver-
aged over the (ill) points at which the Ei and Ei + Ai
transitions occur [no spin-orbit splitting was included in
these calculations, a fact which we now know does not
significantly alter the values of bE (Ref. 15)j. From this
value of the zero-point vibrational effect on the gap en-
ergy and Eq. (8) we find those of bEi b(Ei + Ai)
listed in Table V.

It is strikingly apparent in Table V that while the
measured values of bEi and b(Ei + Ai) for Ge agree,

TABLE V. Energies and Lorentzian widths (half-width at half maximum) of the Eq and Eq + Dq critical points of two
isotopically enriched Ge samples (see Table IV) and a natural one. The corresponding changes in self-energy 6E, bl' are referred
to the natural sample.

M (meV)
70 2'237.8(6)

72.6 2242.2(17)
75.6 2243.3(5)

Ei+ &i
(meV)

2435.4(4)
2440.3(12)
2441.3(4)

I'E,
(meV)
35.1(3)
33.0(3)
32.6(2)

I &,+&,
(inc V)
38.0(3)
36.1(7)
35.5(5)

bEg

(meV)
—4.4(18) —1

0
1.1(18) 1.35 —0.8

br;(E, )
(meV)

2.1(4) 0.5
0

-0.4(4)'

b(K + &i)
(meV)

—4.9(12)' —1

0
1.0(12) 1.35 —0.8

br, (E, + ~, )
(meV)

1.9(8) 0.6
0

—0.6 (9)'

Experimental.
Calculated.
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within the admittedly large error bars, with the calcu-
lated ones, those for 7oGe are considerably larger (ap-
proximately a factor of 4) although they have the correct
sign predicted by the isotopic-shift theory. Since this
sign is that which corresponds to increasing thermal agi-
tation, i.e., disorder (the sGe atoms vibrate with larger
amplitude than the natural material Ge) we conjec-
ture that our Ge material contains a larger concentra-
tion of impurities than the other two samples known to
have ND 1014 cm ~. The 7oGe had not gone through
the stringent purification process to which the other two
samples had been subjected. We actually know that for
our oGe, ND —N~ 7 x 10~a cm . In the absence of
compensation (i.e. , N~ (( ND) the corresponding donor
concentration would have an unobservable effect on the
Eq and Eq+ b, q energies (& 0.5 meV) and the corre-
sponding broadenings I' = —E, (& 0.5 meV). sg We con-
clude that this sample must be strongly compensated
(a conclusion supported by ir-transmission data), with
ND ~ N~ ——5 x 10 cm . We note the possibility of
using disorder-induced critical point shifts for an esti-
mate of the degree of compensation in samples for which
ND and N~ are not separately known.

VI. CONCLUSIONS

We have calculated the temperature dependence of the
energy and Lorentzian widths of electronic states at sev-
eral high-symmetry points of the Brillouin zone for di-
amond, silicon, and germanium. We have shown that

the effects of the zero-point vibrations (T = 0) are by
no means negligible and result in the dependence of the
gaps on isotopic mass at low temperature. This effect
should be important when comparing gaps theoretically
calculated for a static lattice with the measured ones, in
view of the increasing reliability and accuracy of such
calculations. ' The calculated temperature shifts of
several gaps have been found to account well for the ex-
perimental results. Also, recently measured effects of the
isotopic mass on several gaps of diamond and germanium
have been shown to agree with our theoretical predic-
tions.
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Erratum: Isotope and temperature shifts of direct and indirect band gaps
in diamond-type semiconductors
[Phys. Rev. B 45, 3376 (1992)]

Stefan Zollner, Manuel Cardona, and Sudha Gopalan

Figure 2 in the original article is wrong. The correct figure is shown below.
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